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Abstract
Recently, by studying Z5-edge colorings of bifurcating phylogenetic trees, Semple and Steel
showed that every such tree can be convexly de2ned by at most 2ve characters. The investigation
of the rich structure of such edge colorings led us to the de2nition of a set of well-separated
characters on a phylogenetic tree T that covers T which we study here. In particular, we show
that such a set C of characters convexly de2nes a bifurcating phylogenetic tree T and that,
provided this cover is sparse, the so called relation graph associated to C coincides with T. As
a consequence of our results, it follows that T can be reconstructed from C in polynomial time.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
One of the fundamental problems in evolutionary biology is to infer for a 2nite set
X of extant species (corresponding to, e.g. molecular sequences) along with a 2nite set
of characters or attributes associated to X (represented by, e.g. positions in a molec-
ular sequence) the evolutionary relationships between the elements of X . Although
biological in nature, this problem has attracted a considerable amount of attention from
disciplines such as mathematics [9,10,17–19] and computer science [1,4,13,15].
A standard formalization of this problem, which we now recall for the convenience
of the reader, invokes the notions of phylogenetic trees and character convexity. For a
2nite non-empty set X , call a tree with leaf set X and every interior vertex of degree
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Fig. 1. A phylogenetic tree T on the set 1; : : : ; 4, which is convexly de2ned by the three characters ; ′,
and ′′.
at least three a phylogenetic tree on X . Call a tree in which every interior vertex is of
degree three bifurcating and call a function  :X → C from X into a 2nite non-empty
set C where |(X )|¿ 2 a (|(X )|-state) character (on X ). For a phylogenetic tree
T on X and a character  on X , denote by T the minimal subtree of T whose
leaf set is the pre-image −1() of  at state ∈ (X ). Moreover, call  convex on
T if no two trees in {T|∈ (X )} have a vertex in common, and say that a set C
of characters on X convexly de6nes a phylogenetic tree if there exists a phylogenetic
tree T on which every character in C is convex and T is the only phylogenetic tree
with this property. In Fig. 1, we provide an example for these de2nitions. The tree
T depicted in this 2gure is a bifurcating phylogenetic tree on the set X = {1; 2; 3; 4}.
Denote by  any 2-state character and by ′; ′′ any two 3-state characters on X that
correspond to the edges of T with these labels (e.g. the character  corresponding to
the edge of T labelled  satis2es  := (1) = (2) = (3) = (4)). Then T is the
path connecting the leaves labelled 1 and 2, each of ; ′; ′′ is convex on T and the
set {; ′; ′′} convexly de2nes T.
Now the task is to 2nd for a given non-empty set X along with an associated
non-empty 2nite set C of characters on X a (hopefully unique) bifurcating phylogenetic
tree T on X such that every character of C is convex on T.
There are a number of partial results in this direction. For example, by employing
so called Z5-edge colorings of bifurcating phylogenetic trees (see Section 2 for a brief
description), it was recently shown in [17, Theorem 1.1] that every such tree can be
convexly de2ned by at most 2ve characters. The proof of this result involves analysing
the structure of a certain intersection graph associated to C and does not directly lead
to a construction of the associated tree. 1 Intrigued by this result, we wondered what
qualities characterized this class of edge colorings and whether the rich structure of
such a coloring lends itself to a combinatorial approach for constructing the associated
tree.
Our studies pointed to the ‘escape property’ as key, which we now recall [17, Lemma
5.1]:
A bifurcating phylogenetic tree T satis6es the escape property if for every vertex
v of T and every two colors  and  of a Z5-edge coloring of T there exists a leaf
1 Although, since the number of characters involved is 5, such a construction could be accomplished in
O(|X |6) time using the dynamic programming approach described in [16].
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l in T such that the path joining v and l does not contain an edge colored by either
 or .
To better understand this property we introduce the notion of a set of well-separated
characters on a phylogenetic tree that covers this tree. In Theorem 1, we show that
every bifurcating phylogenetic tree T is convexly de2ned by any such set of characters.
Due to the fact that the proof of this result is non-constructive it does not directly
lead to a construction for T. Even so it is well-known that in case of a set of 2-state
characters of X that corresponds to the edge set of a bifurcating phylogenetic tree on X ,
this tree can be recovered by Buneman’s tree construction [5]. Since this construction
is only applicable to 2-state characters it was natural for us to turn our attention to the
so called relation graph [14], which generalizes Buneman’s construction to arbitrary
sets of multi-state characters.
In general, the relation graph associated to a set C of multi-state characters is not
well understood, although some partial results on its structure are known [2,14]. In
this paper, we show for a set C of well-separated characters on a bifurcating phylo-
genetic tree T that covers T, that the relation graph associated to C is the unique
phylogenetic tree on which every character in C is convex if, in addition, this cover
is sparse (Theorem 2). Consequently, the relation graph associated to such a set of
characters must be a bifurcating tree and it must also coincide with T. Thus, since—as
we shall see—the vertices of the relation graph uniquely correspond to the maximal
cliques of the intersection graph associated to C and for such a set of characters the
associated intersection graph is chordal, it follows that T can be recovered in O(k2)
time, where k :=
∑
∈C |(X )|. This complements various results for reconstructing T
in polynomial time [1,13,15,16], a task that, in general, is NP-complete [17].
We conclude with remarking that for T a bifurcating phylogenetic tree and C a
set of characters corresponding to a Z5-edge coloring of T in the sense of [17], C is
always a sparse cover of T but, in general, not well-separated. However, a straight
forward adaptation of our arguments shows that the relation graph associated to C
coincides with T and, hence, can also be reconstructed in the above time.
2. Notations and basic results
In this paper, X will always denote a non-empty 2nite set, a phylogenetic tree
will always have leaf set X , and a character will always be a character on X . For a
phylogenetic tree T and a subset A of the leaf set of T, we will denote by T(A) the
minimal subtree of T with vertex set A. For a graph G, we will denote the vertex set
of G by V (G) and the edge set of G by E(G). By a path in G we mean a sequence
of distinct vertices a1; : : : ; an in G with {ai; ai+1}∈E(G) for all i = 1; : : : ; n− 1.
Suppose we are given a bifurcating phylogenetic tree T. In an Z5-edge coloring of
T in the sense of [17], the elements of the cyclic group Z5, i.e. the set {0; 1; 2; 3; 4}
together with addition modulo 2ve, are assigned to the edges in T in the following
recursive process. First choose a leaf  of T to be the root and direct all the edges
of T away from . Next, assign 0 to the edge incident with . For the recursive step
assume that v∈V (T) is a vertex whose incoming edge has been assigned some ∈Z5
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but the outgoing edges e; e′ have not yet been assigned elements in Z5. Then assign
− 1 to e and + 1 to e′.
To a non-empty subset E ⊆ E(T) of disjoint edges of a phylogenetic tree T, a
character E can be associated to E as follows. De2ne an equivalence relation ∼E on
X by putting, for all x; y∈X ,
x ∼E y ⇔ the unique path from x to y does not contain any element of E.
Then we de2ne E :X → X= ∼E by mapping every x∈X to the equivalence class
of ∼E containing x.
Characters can also easily be related to partitions of X . Indeed, given a character
, we can associate the partition R := {−1()|∈ (X )}, and vice versa, given a
partition R of X , we can associate the character R :X → R that maps every element
x∈X to the part R(x) of R that contains x. Using this relationship we say that two
characters ; ′ are distinct if the associated partitions R and R′ are distinct.
We say that a character  is compatible with a phylogenetic tree T if  is convex
on T. In this case, we denote by ET() the set of all e∈E(T) for which there exists
some ∈ (X ) such that
|e ∩ V (T)|= 1:
Note that |ET()|¿ 1. We say that a set C of characters is compatible with a phylo-
genetic tree T if every character of C is compatible with T.
For a set C of characters that is compatible with a phylogenetic tree T, we de2ne
the following important concepts.
• We call a character ∈C well-separated on T if for every path a0; a1; : : : ; an−1; an in
T with n¿ 2 and {a0; a1}; {an−1; an}∈ET(), the length of the sub-path a1; : : : ; an−1
is at least three. We call C well-separated on T if every character in C is well-
separated on T.
• We say that C covers T or C is a cover of T if ⋃∈C ET() = E(T).
• If C is a cover of T, we call C sparse if the intersection ET()∩ET(′) is empty
for every two distinct characters , ′ in C.
To elucidate these de2nitions consider again the phylogenetic tree T on the set
{1; : : : ; 4} along with the characters ; ′; ′′ displayed in Fig. 1. Then  is well-
separated on T but ′ and ′′ are not. The set {; ′; ′′} is a sparse cover for T.
We now prove a rather technical but crucial result that extends the ‘escape property’
described in the introduction.
Lemma 1. Let T be a bifurcating phylogenetic tree and let C be a set of
well-separated characters on T that covers T. Then, for every vertex v in T and
every two characters ; ′ ∈C there exists a leaf l in T such that the path from v
to l does not contain an edge contained in ET() ∪ ET(′).
Proof. Suppose that v is a vertex inT and that  and ′ are characters in C. Obviously,
the lemma holds if either v is a leaf of T or  and ′ are not distinct. So we may
assume that v is an interior vertex of T and that  and ′ are distinct. Clearly,
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Fig. 2. A phylogenetic tree on X ={1; : : : ; 6} along with the characters ; ; : : : ; . Consider the central vertex
y together with the characters  and . Then for every leaf x∈X , the path from y to x contains an edge in
ET() ∪ ET().
one of the edges, e1 := {v; v′}, say, incident with v cannot be contained in U :=
ET() ∪ ET(′). If e1 is a pendant edge then the lemma holds as v′ is the required
leaf.
To improve the exposition of the proof in case e1 is not a pendant edge, we next
make the following technical de2nition which we will also illustrate by an example.
Let P : v1; : : : ; vi−1, i¿ 2, be a path in T such that no edge of P is contained in
ET()∪ET(′) and vi−1 is not a leaf in T. Then a vertex vi ∈V (T) adjacent to vi−1
but not in P is called a candidate vertex of P if
(i) the edge {vi−1; vi} is also not contained in ET() ∪ ET(′), and
(ii) either vi is a leaf or at least one of the other two edges incident with vi is also
not contained in ET() ∪ ET(′).
To elucidate this de2nition consider the bifurcating phylogenetic tree on the set X =
{1; : : : ; 6} along with the characters ; : : : ;  depicted in Fig. 2. For the characters 
and  along with the path consisting solely of the vertex z, the central vertex y is a
candidate vertex for this path.
Continuing with the proof, we claim that there exists a candidate vertex for the path
P consisting solely of the vertex v. Indeed, in case at least one of the other two edges,
e2 := {w; v′}, say, incident with v′ is not contained in U then v′ is a candidate vertex
for P.
If both e2 and the third edge e3 := {v′; w′} incident with v′ are contained in U then
the well-separatedness of  and ′ implies that none of the other two edges e4 and
e5 incident with v can be contained in U. If e4 = {u; v} is a pendant edge then u is
clearly a candidate vertex of P as it is a leaf. Otherwise the well-separatedness of 
and ′ implies that u is a candidate vertex of P. This proves the claim.
Now suppose that vi is a candidate vertex of a path P : v1 := v; v2; : : : ; vi−2; vi−1
constructed so far. If vi is a leaf in T, the lemma clearly holds.
If vi is not a leaf in T then for at least one of the other two vertices vi+1 and v′i+1
adjacent to vi, vi+1, say, the edge {vi; vi+1} cannot be contained in U. If vi+1 is a leaf
of T, then the lemma clearly holds. Otherwise, we claim that there exists a candidate
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vertex of the extended path P′ : v1; v2; : : : ; vi−2; vi−1; vi joining v1 and vi. To prove this,
we distinguish the two cases
(A) {vi; v′i+1}∈ET() for some ∈{; ′}, and
(B) {vi; v′i+1} ∈ U.
In case (A), the well-separatedness of  implies that at least one of the other two
edges incident with vi+1 cannot be contained in ET(). It follows that vi+1 is a can-
didate vertex of P′.
In case (B), the claim follows if v′i+1 is a leaf. Otherwise the well-separatedness of
 and ′ combined with the fact that every interior vertex in T is of degree three
implies that either vi+1 or v′i+1 is a candidate vertex of P
′ which proves the claim.
It follows that there must be a leaf l in T such that the path from v to l satis2es
the property stated in the lemma.
Note that, for Lemma 1 to hold, the requirement in the de2nition of a well-separated
character that the relevant path has length 3 cannot be weakened to length 2. Fig. 2
provides an example to demonstrate this.
3. Well-separatedness
In this section, we study well-separatedness from the perspective of character con-
vexity. We begin with a result [17, Theorem 3.2] which assures us that a set C of
characters convexly de2nes a bifurcating phylogenetic tree if
(1) there exists a bifurcating phylogenetic tree T on which every character in C is
convex,
(2) every interior edge {u; v} of T is distinguished by a character  in C, that is,
there are elements x1; x2; x3 and x4 in X such that the following two properties
hold:
(i) the path in T connecting x1 and x2 contains u but not v, while the path in
T connecting x3 and x4 contains v but not u; and(ii)
(x1) = (x2) = (x3) = (x4);
and
(3) the intersection graph int(C) = (V; E) associated to C de2ned by
V := {(A; )|∈C and A= −1() for ∈ (X )}
and E := {{(A; ); (A′; ′)}∈ (V2 ) |A∩A′ = ∅} is chordal (i.e. every vertex induced
cycle of int(C) has at most three edges).
To prove that a set of well-separated characters on a bifurcating phylogenetic tree
that covers this tree convexly de2nes a bifurcating phylogenetic tree it thus suNces
to check that Property (1)–(3) holds which we will now do. Suppose that T is a
bifurcating phylogenetic tree and C is a set of well-separated characters on T that
covers T. Then, Property (1) clearly holds.
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In [17, Theorem 1.1], it was shown that Property (2) holds in case the character set
in question is induced by a Z5-edge coloring of T. A close study of this proof reveals
that it only relies on the ‘escape property’ described in the introduction. Using Lemma
1, it is straight forward to extend this proof to see that Property (2) holds for T and
C as above.
It remains to show that Property (3) holds. Lemma 2, whose proof is a slight
extension of the proof of Theorem 1.1(iii) in [17] serves this purpose. Denote by
G(C) = G(C;T) the graph associated to C and T with vertex set V := V (int(C))
in which every two vertices (A; ); (A′; ′)∈V are joined by an edge if and only if
V (T(A)) ∩ V (T(A′)) = ∅. Note that int(C) is a subgraph of G(C) and that G(C) is
chordal as it is the intersection graph of subtrees of a tree [6, Theorem 2.1].
Lemma 2. Let T be a bifurcating phylogenetic tree and let C be a set
of well-separated characters on T that covers T. Then int(C) and G(C) are iden-
tical. In particular, int(C) is chordal.
Proof. Clearly, it suNces to show E(G(C)) ⊆ E(int(C)). Suppose that ; ′ ∈C and
that the vertices (A; ); (A′; ′)∈V (G(C)) are joined by an edge in G(C), that is,
V (T(A)) ∩ V (T(A′)) = ∅. Suppose v∈V (T(A)) ∩ V (T(A′)). Note that if u is a
vertex in T(A) and y is a leaf of T for which the path in T from y to u does not
contain an edge in ET() then y∈A must hold. A similar observation holds for T(A′)
and ′. Now by Lemma 1 applied to v and the characters  and ′, there must exist
a path from v to some leaf l of T that does not contain an edge in ET() ∪ ET(′).
It follows that l∈A ∩ A′ which, in turn, implies that (A; ) and (A′; ′) must also be
joined by an edge in int(C). Thus, int(C) = G(C). The remainder of the proof is
obvious.
In summary we have shown
Theorem 1. Let T be a bifurcating phylogenetic tree and let C be a set of
well-separated characters on T that covers T. Then C convexly de6nes T.
In view of, e.g. the example depicted in Fig. 1, Theorem 1 only provides a suNcient
but not necessary condition for a set C of characters to convexly de2ne a bifurcating
phylogenetic tree T. The assumption that C covers T, however, is necessary for
C to convexly de2ne T. Finally since, under the assumptions of Theorem 1, the
intersection graph associated to C is chordal by Lemma 2, T can be reconstructed
in polynomial time using the ‘maximal clique tree’ representation as described in [12,
proof of Theorem 4.8].
4. The vertices of the relation graph
In [14], the relation graph was de2ned in terms of partitions of a 2nite set X . For
the sake of continuity, we will use this terminology for our discussion below.
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Fig. 3.
For a set R of partitions of X , we call a map  :R → P(X ) from R into the
power-set P(X ) of X an R-map if
(i) (R)∈R, and
(ii) (R) ∩ (R′) = ∅ implies (R) ∪ (R′) = X
for all R; R′ ∈R. The relation graph GR associated to a set R of partitions of X is the
graph with vertex set V comprising all R-maps on R and every two vertices 1; 2 ∈V
joined by an edge if and only if the size of the set
O(1; 2) := {R∈R |1(R) = 2(R)}
is one. By the relation graph associated to a set C of characters of X we mean the rela-
tion graph associated to the set RC consisting of all partitions R := {−1() | ∈ (X )}
where ∈C.
It is easy to see that for every set R of partitions of X , the map
 :X → V (GR) : x → (x :R→ P(X ) :R → R(x))
is an embedding of X into the vertex set of GR and that if R consists solely of
bipartitions of X , then GR reduces to the well-known Buneman graph [7,8] (see also
[3]).
We begin by noting that, in general, the relation graph associated to a set C of
well-separated characters on a bifurcating phylogenetic tree T that covers T is not
connected. For example, consider the caterpillar tree T on X = {1; : : : ; 7} along with
the set of characters C = {; ′; ; 1; : : : ; 8} displayed in Fig. 3(a).
The relation graph associated to C consists of two connected components and is
depicted in Fig. 3(b), where  :RC → P(X ) is the map de2ned by
R →


{1; 2} if R∈{R; R′};
R(3) if R∈{R; R1};
R(1) else:
In the following, we will therefore restrict our attention to sets of well-separated
character on a bifurcating phylogenetic tree T that sparsely cover T.
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Proposition 1. Let T be a bifurcating phylogenetic tree and let C be a set of char-
acters compatible with T that sparsely covers T and for which int(C)=G(C). Then,
for R=RC, the vertices of GR are the maps  :R→ P(X ) that satisfy
(R)∈R and (R) ∩ (R′) = ∅ for all R; R′ ∈R:
Proof. It suNces to show that there exit no two distinct partitions R; R′ ∈R and sets
A1 ∈R and A2 ∈R′ such that A1 ∩ A2 = ∅ and A1 ∪ A2 = X . Suppose to the contrary
that this was not the case, that is, there exist distinct characters i in C, and elements
i ∈ i(X ), i = 1; 2, such that with Ai := −1i (i), i = 1; 2, we have A1 ∩ A2 = ∅ and
A1 ∪ A2 = X . Since T1 is a proper subtree of T, there exist vertices b in V (T1 )
and a∈V (T) − V (T1 ) such that e := {a; b}∈E(T). In view of A1 ∪ A2 = X , we
must have a∈V (T2 ). The assumption on int(C) combined with A1 ∩ A2 = ∅ implies
V (T1 )∩V (T2 )=∅ and so b ∈ V (T2 ) and a ∈ V (T1 ). Hence, |e∩V (Ti)|=1 and so
e∈ET(i) holds for all i = 1; 2. Thus ET(1) ∩ ET(2) = ∅ which is impossible.
Continuing with the assumptions and notations introduced in Proposition 1, we obtain
the next corollary as an immediate consequence of Proposition 1.
Corollary 1. The vertices of GR are in 1-1 correspondence with the maximal cliques
in int(C).
Continuing with our notations and assumptions introduced in Proposition 1, it follows
that GR can be constructed in O(k2) time, where k :=
∑
P∈R |P|. Indeed, we 2rst have
to construct int(C) which can be done in at most O(k2) time. Using Corollary 1, the
fact that all maximal cliques in a chordal graph G=(V; E) can be found in O(|V |+|E|)
time [12, Theorem 4.17], and that E(int(C))6 k2, it follows that the vertices of GR
can be constructed in O(k2) time. The fact that a chordal graph G = (V; E) can have
at most |V | maximal cliques [11], it follows that all edges of GR can be constructed
in at most O(k2) time. In summary, GR can be constructed in at most O(k2) time.
5. The relation graph recovers T
In this section, we show that for a bifurcating phylogenetic tree T and a set C of
well-separated characters on T that sparsely covers T, the relation graph associated to
C is the unique bifurcating phylogenetic tree on which the characters in C are convex.
To prove this, we 2rst show that with R=RC and the map
 :X → V (GR) : x → (x :R → P(X ) :R → R(x));
the ordered pair (GR;  ) is an X -tree, i.e. GR is a tree and every vertex in V (GR)−
 (X ) has degree at least three. Note that phylogenetic trees are clearly X -trees.
We divide this proof into three parts. First we show that the relation graph is con-
nected for such sets of characters (Proposition 2). We then show that GR is acyclic
(Proposition 3) and that, 2nally, every interior vertex of GR is of degree at least three
(Proposition 4).
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The proofs of Propositions 2 and 4 rely on the following characterization of con-
vexity.
Lemma 3 (Semple and Steel [17, Lemma 2.1]). A character  :X → C from X into
a non-empty 6nite set C is convex on a phylogenetic tree T if and only if there
exists a function P :V (T)→ C satisfying the following properties:
(C1) P|X = , and
(C2) if ∈C, then the subgraph of T induced by {v∈V (T) | P(v)=} is connected.
Proposition 2. If T is a bifurcating phylogenetic tree and C a set of well-separated
characters on T that sparsely covers T, then the relation graph associated to C is
connected.
Proof. Put R=RC and suppose that ; 1 are distinct vertices in GR. Let Amin denote
a minimal element in the set U(; 1) de2ned by
U(; 1) := {(R) |(R) = 1(R) and R∈R}
and consider the unique partition P= P where Amin ∈P and  :X → C a character in
C that assumes values in a 2nite non-empty set C. We begin with constructing a vertex
in GR which is adjacent to . To this end, we show that there exists some B∈P−Amin
such that B ∩ (R) = ∅ for all R∈R − P. Indeed, since T′ := T(Amin) is a proper
subtree of T there must exist adjacent vertices b∈V (T′) and d∈V (T) − V (T′).
Note that the edge e := {b; d} must be contained in ET(). Let P : V (T)→ C be an
extension of  satisfying properties (C1) and (C2) of Lemma 3 and let B∈P denote
the set of all b′ ∈X such that (b′)= P(d). Clearly, Amin ∩B= ∅ and so Amin = B. We
claim that B ∩ (R) = ∅ holds for all R∈R− P.
Suppose that R∈R − P and that %∈C is such that R = R%. Let % :V (T) → C be
an extension of % that satis2es properties (C1) and (C2) of Lemma 1. By Lemma
3 applied to d and the characters  and %, there must exist some leaf l = l% in T
such that the path from d to l does not contain an edge in ET() ∪ ET(%). Hence,
(l) = P(d) and so
l∈B;
and %(l)= P%(d). Note that all we need to show to prove the claim is that (R)* Amin
holds. For this combined with (R) ∩ Amin = ∅ and the fact that % is convex on T
implies that
%(a) = P%(b) = P%(d) = %(l)
must hold for some a∈(R) ∩ Amin which, in turn, yields
l∈(R)
and so (R)∩ B = ∅ which proves the claim. Indeed, (R)* Amin must hold since if
(R) = 1(R), then the minimality of Amin implies that we cannot have (R) ⊆ Amin
and if (R) = 1(R), we cannot have (R) = 1(R) ⊆ Amin as this would imply
∅= 1(P) ∩ 1(R) which is impossible.
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It follows that the map
2 :R→ P(X ) : S →
{
B if S = P;
(S) else;
is a vertex in GR. Clearly,  and 2 are joined by an edge and it is easy to see
that U(; 1)=U(2; 1)∪{Amin}. Repeated application of the arguments used above
shows that  and 1 are joined by a path in GR whence GR must be connected.
Proposition 3. For T a bifurcating phylogenetic tree and C a set of well-separated
characters on T that sparsely covers T, the relation graph associated to C is acyclic.
Proof. Put R=RC and suppose to the contrary that GR contains a cycle. Then GR must
have a minimal cycle Z : 1; : : : ; n; n+1 = 1. Hence, O(i; i+1) = O(i+1; i+2)
must hold for all i∈{1; : : : ; n − 1}, since otherwise we could 2nd a shorter cycle in
GR. The fact that for all i∈{1; : : : ; n} there must exist some j∈{1; : : : ; n}− i such that
O(i; i+1) = O(j; j+1) implies n¿ 4. Without loss of generality we may assume
that R; R′ ∈R are such that O(1; 2)= {R} and O(2; 3)= {R′}. We next construct
a cycle Z ′ in int(C) of the form A1; B1; A2; B2; : : : ; Bk ; A1 where Ai ∈R and Bi ∈R′ for
all 16 i6 k := min(|R|; |R′|). We start with the path P :1(R); 1(R′)=2(R′) which
is clearly in int(C). In the 2rst step of the construction process, we enlarge P to a
path P′ by adding the path 2(R′); 2(R) = 3(R); 3(R′) at the end vertex 2(R′) of
P. If 3(R′) ∩ 1(R) = ∅, then
1(R); 1(R′); 2(R); 3(R′); 1(R)
is a 4-cycle in int(C) of the required form. Otherwise, in the next step, we enlarge
P′ by adding the path 3(R′); j−1(R); l−1(R′) to the end vertex 3(R′) of P′, where
j∈{4; : : : ; n − 1} is minimal with respect to j(R) = 2(R) and l∈{j + 1; : : : ; n} is
minimal with respect to l(R′) = j(R′). If l−1(R′) ∩ 1(R) = ∅ then,
1(R); 1(R′); 2(R); 3(R′); j−1(R); l−1(R′); 1(R)
is a cycle in int(C) of the required form. Otherwise we continue in the above described
fashion which will eventually yield the required cycle Z ′.
Since int(C) is chordal by Lemma 2, it follows that there must exist three vertices
D1; D2; D3 ∈V (Z ′) such that D1; D2; D3; D1 is a 3-cycle in int(C) which is impossi-
ble.
Proposition 4. Let T be a bifurcating phylogenetic tree and let C be a set of
well-separated characters on T that sparsely covers T. Then every interior vertex
in the relation graph associated to C has degree at least three.
Proof. Put R = RC, suppose that ∈V (GR) is not a pendant vertex in GR and let
1 ∈V (GR) denote one of the at least two vertices adjacent to . Without loss of
generality, we may assume that O(; 1) = {R} for some character  in C. Then
Proposition 1 implies |(R)| = 1 and so the root r of the minimal subtree T′ :=
T((R)) of T must be an interior vertex of T whence the degree of r is three. We
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next construct for every vertex in T′ adjacent to r a vertex in GR that is distinct from
1 and adjacent to . The proposition is an immediate consequence of this.
Suppose b∈V (T′) is a vertex adjacent to r. Then e := {r; b} is an edge in T′
and so there must exist some character  = b ∈C distinct from  so that e∈ET().
By Lemma 1 applied to b and the characters  and + with +∈C distinct from  there
exists some leaf l+ in T such that the path from b to l+ does not contain an edge
contained in ET() ∪ ET(+). For all such +∈C, this implies R(l+) = R(l) and, in
view of +(x) = P+(r) = +(l+) for some x∈(R+) and P+ an extension of + satisfying
property (C1) and (C2) in Lemma 3, also (R+) = R+(l+). Using this, it is straight
forward to check that the map
 :R→ P(X ) :R →
{
R(l) if R= R;
(R) else;
is a vertex in GR distinct from 1 and adjacent to .
Continuing with the notations and assumptions introduced in Proposition 4 and its
proof and combining Propositions 2–4, with the fact that the map  :X → V (GR)
introduced above labels every leaf in GR with an element in X in view of
{x}=
⋂
R∈R
R(x) =
⋂
R∈R
x(R);
for all x∈X , we see that (GR;  ) is an X -tree whose leaf set bijectively corresponds
with X . Hence, we can identify the leaf set of GR with X . Combined with the de2nition
of an edge in the relation graph, it follows that every character in C is convex on GR.
Using Theorem 1, we obtain our main result.
Theorem 2. Let T be a bifurcating phylogenetic tree and C a set of well-separated
characters on T that sparsely covers T. Then the relation graph associated to C is
T.
Remark. As was already pointed out in the introduction, it was recently shown in
a non-constructive proof that every bifurcating phylogenetic tree T can be convexly
de2ned by a set C of at most 2ve characters [17, Theorem 1.1]. A straight forward
extension of our arguments shows that T coincides with the relation graph associated
to C and, thus, can be constructed in at most O(k2) time, where k :=
∑
P∈RC |P|.
In view of the above results, it is natural to ask for a characterization of sets of
characters for which the associated relation graph is a tree. In Fig. 1, we gave an
example which shows that for the relation graph associated to a set C of characters to
be a tree it is suNcient but not necessary that C is either well-separated on a bifurcating
phylogenetic tree T and sparsely covers T or corresponds to a Z5-edge coloring of
T. As of yet, we do not know interesting necessary conditions for the relation graph
to be a tree.
A slight generalization of the notion of ‘convexly de2nes’ for phylogenetic trees is
the notion of ‘strongly de2nes’ for X -trees [17]. Call a character  :X → C convex
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on an X -tree (T;  ) if for every two distinct states ; ∈ (X ) the minimal subtrees
of T with leaf sets  (−1()) and  (−1()), respectively, do not have a vertex in
common. A set C of characters is said to strongly de6ne an X -tree if there exists an
X -tree (T;  ) such that every character in C is convex on (T;  ) and (T;  ) is the
only X -tree with this property. A straight forward extension of the arguments presented
here shows that for both C a set of characters induced by a Z5-edge coloring of a
bifurcating phylogenetic tree T and C a set of well-separated characters on T that
sparsely covers T, (GRC ;  ) is the unique X -tree on which every character in C is
convex.
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